Abstract: Optimal training design and channel estimation for spatially correlated multi-user multi-input multi-output with orthogonal frequency-division multiplexing (MIMO-OFDM) systems is still an open research topic of great interest. This study first applies tractable semi-definite programming (SDP) to obtain the optimal training signal for the general case of spatial channel correlations for multi-user MIMO-OFDM. In order to reduce the computational complexity of the SDP-based solution, an approximate solution in closed-form is then presented. For a special case of transmit correlations, an optimal solution in closed-form expression is also derived. Analytical and simulation results demonstrate the excellent performance of the proposed designs and their performance advantage over the existing equi-powered training designs.
Introduction
It has been well-known that multi-input multi-output (MIMO) is an efficient architecture to provide very high data rates over wireless transmission links. On the other hand, orthogonal frequency-division multiplexing (OFDM) is the most popular technique to effectively deal with inter-symbol interference experienced with transmission over multi-path fading channels. Furthermore, to meet various requirements of the next-generation wireless systems, multi-user communication has recently attracted great interests in both research community and communications industry. As a consequence, multi-user MIMO-OFDM has become a very important research topic in recent years.
Knowledge of the channel state information is a major issue in the implementation of a communication system operating over a frequency-selective fading channel. Typically, training signals (also known as training sequence, pilot tones or preamble symbols) are used for channel identification [1 -7] . For the case of multi-user MIMO-OFDM, the received signal at each receive antenna is a superposition of multiple signals from multiple transmit antennas of multiple users over multiple OFDM subcarriers. Therefore identifying the channel in a multi-user MIMO-OFDM system is much more challenging, especially when different channels in the systems are correlated.
Covariance matrices of Kronecker product structure are often adopted to model the correlation among MIMO channels [8 -17] . For spatially correlated flat fading singleuser MIMO systems, optimal training designs have been proposed for time-multiplexing (TM) training and superimposed (SP) training in [13] and [16] , respectively. The problems of channel estimation for spatially correlated frequency-selective fading single-user MIMO-OFDM systems have also been considered in [15, [18] [19] [20] for TM and SP training designs, respectively. For uncorrelated multi-user MIMO-OFDM systems, optimal channel estimation has been proposed in [21 -23] .
Obviously the optimal training solution obtained for uncorrelated multi-user MIMO-OFDM systems in [21 -23] cannot be effectively applied to the general case of spatial channel correlation. For correlated multi-user MIMO-OFDM systems, only [24] has considered the training design and channel estimation problem. However, no optimal solution is proposed in this reference to efficiently take into account the spatial correlations. The so-called optimal pilot sequence in [24, Eq. (14) ] is actually equipowered training, which is optimal only for the linear minimum mean-square-error (LMMSE) channel estimation of uncorrelated MIMO-OFDM systems, or for the linear least-squared channel estimation (which does not take into account the channel correlation).
In the literature, most multi-user MIMO-OFDM systems are designed so that multiple users are non-overlapped [25] . This design requirement can be satisfied by assigning each time slot or each frequency slot, or each random-access code to each user. By this assignment, not only a spectral inefficiency is suffered, but also the optimal training design for correlated single user MIMO-OFDM systems in [15, 20] cannot be readily applied for correlated multi-user MIMO-OFDM systems. In contrast, this paper proposes training signal designs for multi-user MIMO-OFDM that efficiently take into account spatial channel correlations. In our designs, the multiple users are not required to be non-overlapped in either time, frequency or random-access code. The training sequence of each user is designed to be orthogonal with that of other users. We first develop a semi-definite programming (SDP) formulation of convex programming to design the optimal training signals for the general case of channel correlation and arbitrary signal-tonoise ratio (SNR). Then an approximate design based on the minimisation of an upper bound of the objective function is also presented in closed-form. Lastly, a closedform solution is derived for a special case of transmit correlations.
The rest of this paper is organised as follows. Section 2 describes the spatially correlated multi-user MIMO-OFDM system model and formulates the design problem. Section 3 proposes optimal training designs. Simulation results are provided in Section 4. Section 5 concludes the paper.
Notation: Boldface upper and lower cases denote matrices and column vectors, respectively. Superscripts T, H and * mean transposition, Hermitian adjoint and complex conjugate operators, respectively. I N is the N × N identity matrix, whereas 0 N is the zero matrix of dimension N × N. E{x} is the expectation of the random variable x, whereas tr{A} is the trace of matrix A. The symbol ⊗ is used for the Kronecker matrix product. The vectorisation operator on a matrix to form a column vector by vertically stacking the matrix columns is denoted as vec( · ). A block diagonal matrix with D 0 , D 1 , . . . , D U21 to be the blocks on the main diagonal is denoted as diag{D u } U −1 u=0 . For any x, define x + ¼ max(x, 0). The notation A ≥ 0 means that A is a positive semi-definite Hermitian matrix. Furthermore, some properties of Kronecker product transformations and positive definite matrices used in this paper are as follows [26, 27] :
The equality holds if and only if X(i, j) ¼ 0 for all i = j.
System model and problem formulations
Consider the uplink of a multi-user MIMO-OFDM system as in [24] . The system has U users, each is equipped with P transmit antennas. The base station (BS) has Q receive antennas. Let N be the number of subcarriers employed by each user. The length of OFDM cyclic prefix is chosen to be longer than the maximum number of channel multipaths, L, to avoid the inter-block-interference. The channel is assumed to remain the same during one block of OFDM symbols of duration T, but change independently from block to block (i.e. quasi-static or block fading channel). The average training power at each user is normalised to be unity. The channel impulse response is assumed to be uncorrelated with respect to delay paths. Owing to space limitation at the antenna array of subscriber users, it is reasonable to expect spatial correlation among transmit antennas of each user [8 -17] . However, the receive antennas at the BS are assumed to be uncorrelated as there should be enough space at the BS to place the antennas sufficiently far apart. Since the receive antennas are uncorrelated, it is intuitively expected that the design problem and its solution for a system having Q receive antennas is the same to a simplified system having only one receive antenna (see Appendix for a formal proof). Therefore without loss of generality, in the remaining of this paper we formulate and solve the design problem for only one receive antenna.
To efficiently estimate wireless channel coefficients from the received signal, it usually requires that the number of measurements (received samples) must be not less than the number of unknown channel coefficients [5, 6, 15, 28, 29] . However, for correlated channels this condition does not need to be strictly applied since the spatial correlation can be exploited to reduce the number of measurements. Although using only one OFDM training symbol is desirable to save transmission bandwidth, it might not satisfy the above general requirement in some cases, especially when the channel is not highly correlated and the number of subcarriers is small whereas the number of transmit antennas, the number of delay paths and the number of users are large. In such a case, more OFDM training symbols are needed for efficient channel estimation. Moreover, when the wireless environment is quasi-static over K OFDM training symbols, the number of admissible transmit antennas can be increased K times and with appropriated power setting the estimation error can be reduced. In this paper both cases of one OFDM training symbol and multiple OFDM training symbols are studied.
Problem formulation for one OFDM training symbol
In this section, we first formulate the training design problem for only one receive antenna. At a receive antenna, the channel frequency response vector from the kth subcarrier of the uth user is expressed as
where
is the length-P channel vector of the lth tap corresponding to the uth user. More information about the correlated channel model is described as follows: † The coefficient h u, p (l ), p ¼ 0, . . . , P 2 1, is the lth-tap channel impulse response from the pth transmit antenna of the uth user to the receive antenna. † h u (l) is a length-P row vector whose elements are independent and identically distributed (i.i.d) circularly symmetric complex Gaussian random variables with zero mean and variance s 2 h . For convenience we normalise
is a square and invertible matrix representing the spatial correlation at P transmit antennas of the uth user.
At the BS, the received signal from all U users over the kth subcarrier is given by
T is the transmitted training signal vector over the kth subcarrier of the uth user, and n(k) is a complex additive white Gaussian noise (AWGN) sample with zero mean and variance s (2) can be re-written as
, and
Then, by collecting the received signals over all N subcarriers, (3) can be extended as
T . The channel covariance is calculated as
By using LMMSE channel estimation [30] , it is simple to see from (4) that the mean-square-error (MSE) of channel estimation is
As mentioned earlier, for uncorrelated channels, it is required that N ≥ LPU, that is, the number of observations is not less than the number of unknown coefficients. For correlated channels, this requirement can be relaxed by exploiting the spatial correlation, that is, N can be less than LPU. On the other hand, if the condition N ≥ LPU is not satisfied, for example when the number of users U is very large, more OFDM training symbols are needed and the design problem for such a case is discussed in the next section. Assuming that the condition N ≥ LPU is satisfied and noting that N is a positive integer, the problem is how to design the matrix M, or equivalently the training signals
. . , N, to minimise the MSE 1.
Problem formulation for K OFDM training symbols
In the case of K training symbols, letS u (k) be the training matrix sent over the kth subcarrier of the uth user. Specificallÿ
, is the ith OFDM training symbol vector sent over the kth subcarrier of the uth user.
Similar to (4) in Section 2.1, the received signal because of the ith OFDM training symbol at the BS is given bÿ
wheren (i) 
. With the LMMSE estimation [30] of the channel h from (8), the MSE of the channel estimation is
Again, for efficient and optimum estimations of channel coefficients, it is required that KN ≥ LPU. By comparing with the size requirement in Section 2.1, it can be seen that there is more freedom in satisfying the size requirement since the number of measurements increases K times when using K OFDM training symbols. Once the size requirement is met, the problem is how to design the matrixM or equivalently the training signal to minimise the MSE1.
Designs of OFDM training symbols
This section focuses on the design using only one OFDM training symbol. Since the design methods can be easily extended to the case of using K OFDM training symbols, only an important remark is made for the later case.
Optimal design with SDP for the general case of transmit correlations
In this section, we find the optimal set S ¼ S 0 , S 1 , . . . , S U21 , where
. . , U 2 1, to minimise the estimation error in (6) under the transmit power constraint. Such a problem is mathematically stated as follows
Since the transmit correlation matrix R u (l ) is positive-semidefinite, it can be decomposed as R
] is a diagonal matrix having the eigenvalues of R T u (l) on its main diagonal. It follows that the eigen-decomposition of (5) can be written as
Following the same arguments in [19] , property (P8) can be used to show that a necessary condition to minimise the objective function in (12) is that the term U where
Let
T be the block column of matrix MU h . Then, A u, l can be expressed as
H MU h a block-diagonal matrix, the following three conditions need to be satisfied:
By choosing a set of N-element orthonormal (column) vectors q u, p , u ¼ 0, . . ., U 2 1, p ¼ 0, . . ., P 2 1 (similar to the ones in [6] or [5] ), and forming the matrix S u as
where P u is a P × P square matrix, we can see that this matrix S u satisfies the three design conditions. The final step to obtain the optimal solution for S u is to recognise that the design problem in (12) is convex [31] . Thus by using the interior-point method, a numerically optimal solution to Problem (12) can be easily obtained. With the variable change (it should be noted that this variable change is valid since for any positive semi-definite matrix X u , one can find a corresponding square matrix P H u = X 1/2 u and hence the training matrix S u by using (14)) X u = P H u P u ≥ 0, and by letting f(
u=0 U h be a combination of X u 's to form the matrix U H h M H MU h , for an arbitrary Hermitian matrix Z ≥ 0 the optimal solution can be numerically solved by SDP as follows
and
There are many numerical methods to obtain the optimal training signal by solving this SDP. Recommended here is to use SeDuMi [32] .
Approximate training designs in closed-form for the general case of transmit correlations
Since obtaining an optimal solution using SDP as in the previous section can be complicated and time-consuming, it is of interest to find an approximate, but closed-form solution to the training design problem at hand. This can be accomplished by minimising an upper bound on the objective function in (10) . By choosing S u as in (14) which satisfies the initial conditions, it can be seen that M H M is a block diagonal matrix. Therefore the whole matrix under inversion in (10) is positive definite and has zeros as off-diagonal block entries. By using the new variable X u , from the property (P8) the optimisation problem (10) in S u is equivalent to the following optimisation problem in
It can be seen that the function
is concave [19] with respect to R T u (l). By applying the Jensen inequality [31] to f (R T u (l)), the following upper bound on the objective function in (16) can be obtained
Using the upper bound in (17) leads to the following optimisation problem
Applying the eigen-decomposition gives
. . , l u (P 2 1)] are diagonal matrices having the eigenvalues of R and X u on their main diagonals, respectively. Moreover, U r and U u are corresponding P × P unitary matrices containing eigenvectors of R and X u . By choosing U u ¼ U r , the optimisation problem (18) with respect to the the matrix variables X u is now equivalent to the following scalar optimisation problem min l u (p)≥0
Recognise that Problem (19) is in the form of a well-known convex optimisation problem [27] , its optimal solution has the following water-filling form
where the scalar multiplier m . 0 is chosen so that
Optimal training design for a special case of transmit correlations
In this section, we consider a special case that the transmit correlations at user are the same over different delay paths,
Thus, by forming the matrix S u as
we can see that S u satisfies all the design conditions stated before, and the matrix under the inversion in (12) is diagonal. The only problem that remains is to find a set of b u,p , u ¼ 0, . . . , U 2 1, p ¼ 0, . . . , P 2 1, to satisfy the power constraint. As the objective function is the trace of a diagonal matrix, we can rewrite (12) as the following convex optimisation in scalar variables
At this point, it can be readily seen that the iterative-bisection procedure (IBP) used in our previous works [16, 20, 33] can also be applied to solve (21) . For a detailed procedure to locate the optimal solution of (21), see [16, 20, 33] . The main idea here is briefly given here. The objective function in (21) is separable in b u,p . Therefore by using separable programming it can be expressed as follows:
, and b = {b u,p } (22) Observe that f u,p (b u,p ) is not only convex but also decreasing in b u,p . The Lagrangian of (21) is
According to the Karush -Kuhn -Tucker condition [34] for optimality of convex programming, the optimal solution for the optimisation problem in (21) and the corresponding Lagrange multipliers must satisfy the following necessary and sufficient conditions
Therefore the optimal solution of (21) can be expressed as
where † b u,p (m u ) is the solution of the following non-linear equation
Remark: As stated in Section 2.2, when one OFDM training symbol is not enough to estimate the channel (because of the lack of sufficient measurements), more OFDM training symbols are needed. In such a case, we need to find the optimal setS = {S 0 (0),
. ., U 2 1, to minimise the estimation error in (9) under the transmit power constraint. That is
By inserting (11) into (25), we have the following equivalent problem
It can be seen that the optimisation problem in (26) has the same form as that in (12) . Therefore the solution to Problem (26) can be obtained in the same fashion as that of Problem (12).
Simulation results
This section provides simulation results to illustrate the performance of the proposed training designs. The one-ring model in [35, Eq. (6) ] is used to generate the elements of the covariance matrices R u (l ). Specifically
where D u (l ) is the angle spread (in radian) of the lth path of the uth user; d t is the spacing of the transmit antenna array; l is the wave-length, and J 0 ( . ) is the zeroth order Bessel function of the first kind [34] . Since the average transmitted power is normalised to unity, the received SNR (in dB) is defined as SNR = −10 log 10 s 2 w . First, we present the estimation performance for the case of only one OFDM training symbol. Figs. 1 -3 show the MSE (in dB) of the channel impulse response, E{ h −ĥ 2 }, in the general case of transmit correlations for 2 × 2, 4 × 4 and 6 × 6 multi-user MIMO-OFDM systems, respectively. The angle spread is chosen as D u (l ) ¼ 1.8(u/2 + l + 3/2)8, whereas the antenna spacing is d t ¼ 0.5l. Such parameters are chosen quite arbitrarily for the illustration purpose but they yield high correlations at the transmit antenna array. For 2 × 2 and 4 × 4 cases, the systems use 32 subcarriers, are modelled with 3 channel taps and have 2 users. For 6 × 6 case, we consider a lager system having 96 subcarriers, 4 users and 3 channel taps. The estimation performance in three cases of the optimal training design Fig. 1 Channel estimation for the general case of transmit correlations for the 2-user 2 × 2 MIMO-OFDM system, one OFDM training symbol Fig. 2 Channel estimation for the general case of transmit correlations for the 2-user 4 × 4 MIMO-OFDM system, one OFDM training symbol using SDP, the closed-form training design based on the upper bound minimisation in (20) , and the equi-powered training design (which is proposed in [24] ) is illustrated in both Figs. 1 and 2. It can be seen that, at low and average SNR ranges in Fig. 1 and over all SNR range in Figs. 2 and 3, the optimal SDP design results in the smallest estimation error. Although the closed-form training design based on the upper bound minimisation in (20) is only sub-optimal, it still provides a better performance than that of the equipowered training (which is only optimal for the uncorrelated systems).
Still with one OFDM training symbol, Figs. 4 -6 present the MSE of the channel impulse response for the special case of transmit correlations for 2 × 2, 4 × 4 and 6 × 6 MIMO-OFDM systems, respectively. For the special case, we set D u (l ) ¼ 1.8(u/2 + 1/2)8 and d t ¼ 0.5l. In Figs. 4 and 5, the MIMO-OFDM system parameters are chosen to have 64 subcarriers, 3 channel taps, and 4 users. In Fig. 6 , a lager system of 96 subcarriers, 4 users and 3 channel taps is chosen for the simulation. It can be observed from Figs. 4 -6 that the optimal design by SDP and the optimal design in closed-form expression basically give the same estimation error. More importantly both designs outperform the equi-powered training.
With multiple OFDM training symbols, Fig. 7 illustrates the MSE of the channel impulse response for a 4 × 4 MIMO-OFDM system in the general case and special case of transmit correlations. For the general case, the angle spread is set as D u (l ) ¼ 1.8(u/2 + l + 3/2)8, whereas for the special case, D u (l ) ¼ 1.8(u/2 + 1/2). For both cases, the antenna spacing is chosen as d t ¼ 0.5l, the system has 64 subcarriers, 3 channel taps, and 6 users and K ¼ 2 OFDM training symbols. The above settings mean that there is higher antenna correlation in the special case than that in the general case. The total training power for two OFDM training symbols is set to be the same as that in previous simulation for only one OFDM training symbols. Note that with the system parameters chosen for Fig. 7 , the size condition of KN ≥ LPU is not satisfied if only one OFDM training symbol is used. However, the size condition of KN ≥ LPU is obviously satisfied with two OFDM training symbols and a very good estimation performance for the system under consideration can be observed from Fig. 7 . The estimation performance is better in the special case of correlation. This is expected since the proposed design successfully exploits the higher antenna correlation existed in that special case.
Conclusions
By using SDP, the optimal training signal for spatially correlated multi-user MIMO-OFDM systems has been proposed. In order to reduce the computational complexity of interior-point methods needed for obtaining the SDPbased solution, an upper bound minimisation of the channel estimation error is also considered and an approximate training solution is efficiently designed in closed-form. Furthermore, by using the IBP, an optimal closed-form training design is also presented for the special case of identical transmit correlations over the channel taps. Simulation and numerical results show that the proposed designs result in excellent estimation performance and they outperform the existing equi-powered training design.
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